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In the cold dark matter scenario, the smallest dark matter halos may be earth-mass or smaller.
These microhalos would be the densest dark matter objects in the Universe, making their accu-
rate characterization important for astrophysical dark matter detection efforts. Moreover, their
properties are closely linked to the nature of dark matter and the physics of the early Universe,
making them valuable cosmological probes. Dark matter microhalos survive as subhalos within
larger galactic halos, but due to their small size, they are susceptible to encounters with individual
stars. We use a large number of N -body simulations to develop a framework that can predict
the evolution of a microhalo’s density profile due to stellar encounters. We find that there is a
universal density profile for microhalos subjected to stellar encounters, and each encounter alters
a microhalo’s scale parameters in a way that is simply related to the energy the encounter injects.
Our framework can rapidly and accurately characterize the impact of stellar encounters on whole
ensembles of microhalos, making it a promising tool for understanding the populations of microhalos
within galactic halos.
I. INTRODUCTION
Dark matter structure grows through hierarchical as-
sembly; the smallest halos form first, and larger ha-
los grow through subsequent mergers and accretion of
smaller halos. The latter are not destroyed by this as-
sembly process but instead broadly survive as subhalos
of their new hosts, and cosmological simulations reveal
copious substructure within each dark matter halo (e.g.,
Refs. [1–6]). In the cold dark matter (CDM) scenario, the
smallest halos may be earth-mass or smaller [7–9], and
many of these microhalos are expected to persist today
within galactic halos [9–12].
The present-day abundance and structure of dark mat-
ter microhalos are important to astrophysical dark mat-
ter detection efforts. These halos would be the dens-
est dark matter objects in the Universe because of their
early formation, making them important contributors to
prospective signals from dark matter annihilation [9, 12–
26] (see Ref. [27] for a review). Their high density also
makes them promising targets for gravitational searches,
whether through microlensing (e.g., Refs. [28–31]), tim-
ing delays (e.g., Refs. [32–34]), or the dynamics of stars
or other astrophysical systems (e.g., Refs. [35–39]). Con-
versely, any observational constraints on the structure
and abundance of these microhalos serve as cosmological
probes. The mass scale of the smallest halos directly
reflects the free-streaming scale of the dark matter parti-
cle. Meanwhile, the abundance and internal structures of
microhalos are closely linked to the statistics of the pri-
mordial density fluctuations from which they formed [40],
and these fluctuations are sensitive to the details of both
inflation (e.g., Refs. [41–63]) and the post-inflationary
cosmic history (e.g., Refs. [64–69]).
However, microhalos are subjected to complex dynam-
ical processes after accretion onto a host halo, and the
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impact of these processes must be understood in order
to accurately predict microhalo populations. These mi-
crohalos experience gradual disruption by means of tidal
forces from the host, encounters with other substructure,
and dynamical friction. Subhalo survival prospects re-
sulting from these processes have been widely studied
(e.g., Refs. [10, 19, 70–85]). Additionally, within galaxies
microhalos are susceptible to encounters with individual
stars. The objective of this work is to develop a general
framework, applicable to a wide variety of systems, that
can predict the evolution of a microhalo’s density profile
through stellar encounters.
Previous works have explored the impact of stellar en-
counters on dark matter microhalos. A common strat-
egy (e.g., Refs. [10, 11, 86–88]) is to compare the total
energy injected by a stellar encounter to the total bind-
ing energy of the microhalo. However, as Ref. [81] has
noted, this comparison is not directly connected to the
question of halo survival because such energy injections
are not distributed efficiently; the least bound particles,
at large radii, receive the most energy. Prior works have
also employed semianalytic models [89] and numerical
simulations [11, 12, 88, 90] to study the impact of stellar
encounters. However, the scopes of these investigations
have been limited; they typically aim to understand the
microhalo’s energy injection or mass loss or focus on the
survival of microhalos near the solar neighborhood. Our
work is much more general. We study the evolution of a
microhalo’s full density profile due to an arbitrary series
of stellar encounters.
The smallest microhalos are expected to form with
ρ ∝ r−3/2 inner density profiles [12–15, 40, 91–95], but
successive mergers tend to shallow their inner cusps to-
ward ρ ∝ r−1 [40, 95, 96]. Accordingly, we study mi-
crohalos that initially possess the NFW density profile
[97, 98],
ρ(r) =
ρs
(r/rs)(1 + r/rs)2
, (1)
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2which has scale parameters rs and ρs and a ρ ∝ r−1
cusp. We use high-resolution N -body simulations of 96
stellar encounters to explore the parameter space of en-
counters with these microhalos, and we consider both
first and successive encounters. For validation we also
simulate randomized realistic sequences of encounters.
The framework we develop predicts the density profile
of a microhalo after arbitrarily many stellar encounters
predominantly as a function of the energy injected by
each encounter. We also find that the density profile af-
ter stellar encounters is nearly universal, which simplifies
the problem considerably.
This article is organized as follows. In Sec. II, we detail
how our simulations are carried out. Section III develops
a parametrization of stellar encounters and shows how
our simulated encounters are distributed. In Sec. IV,
we use our simulation results to develop a model for
the impact of distant encounters, where the impact pa-
rameter is much larger than the halo, and we consider
both initial and successive encounters. Section V dis-
cusses the impact of closer encounters. In Sec. VI, we
explore the application of our model to microhalos pass-
ing through fields of stars. Section VII concludes. Fi-
nally, Appendix A explores the range of validity of the
impulse approximation that we employ throughout this
work, while Appendix B explores the impact of encoun-
ters occurring in close succession.
II. SIMULATIONS
We follow Refs. [11, 12, 88, 90] in using N -body sim-
ulations to study a microhalo’s response to a stellar en-
counter. We prepare the microhalo with an NFW den-
sity profile using the same procedure as Ref. [85]. We
draw particles from an isotropic distribution function
computed using the fitting formula in Ref. [99]. Addi-
tionally, to better resolve the microhalo’s central region,
we sample particles whose orbital pericenters are below
rs/3, where rs is the microhalo’s scale radius, with 64
times the number density and 1/64 the mass of the other
particles. We cut off the density profile at r = 500rs;
subhalo particles this far out are completely stripped by
even a glancing encounter, so as long as the cutoff radius
is much larger than rs, the precise choice makes no differ-
ence. We represent the subhalo using a total of 8 million
particles, and roughly 70% of them, carrying roughly 4%
of the total mass, are high-resolution particles.
To simulate a stellar encounter, we follow Refs. [12, 90]
in perturbing the velocities of microhalo particles using
the impulse approximation, in which these particles are
treated as stationary while the passing star exerts a tidal
acceleration on each particle. Consider an encounter with
impact parameter b and relative velocity V , and center a
coordinate system on the microhalo such that the star is
at position (−V t, b, 0) at time t. By integrating the tidal
acceleration it is straightforward to show that a particle
at position (x, y, z) experiences velocity injection
∆v = −2GM∗
V
1
(y − b)2 + z2
(
0,
(y − b)y + z2
b
, z
)
, (2)
where M∗ is the mass of the star. This procedure is
computationally faster and more numerically stable than
adding a new particle to the simulation to represent the
star, owing to the star’s immense velocity and mass com-
pared to those of subhalo particles. In Appendix A we
explicitly simulate the star and show that the impulse
approximation yields accurate results as long as
tdyn >∼ 5b/V, (3)
where tdyn is the initial microhalo’s dynamical time scale
given by [100]
tdyn ≡
√
3pi/(16Gρs). (4)
Here, ρs is the microhalo’s scale density.
After perturbing the velocities of microhalo particles,
we use the N -body simulation code Gadget-2 to simu-
late the microhalo’s response. The force-softening length
is set at  = 0.003rs, a small value that allows radii as
small as 2.8 ' 0.01rs to be resolved. Our simulations
run for a relatively short duration, so the increased rate of
artificial two-body relaxation resulting from such a small
softening length is of little concern. Nevertheless, when
studying microhalo density profiles, we use the procedure
in Ref. [85] to set the resolution limit as the largest of
the limits set by the softening length, Poisson noise, and
artificial relaxation.
Each microhalo may experience a large number of stel-
lar encounters, so it is necessary to also study a micro-
halo’s response to successive encounters. To prepare a
stellar encounter after the first, we extract the self-bound
remnant of the microhalo at the end of a prior simula-
tion using an iterative procedure detailed in Ref. [85].
We compute the potential energy of each particle due to
other bound particles and use that energy to determine
whether each particle is bound; this process is iterated
until the number of bound particles converges. The re-
sulting bound remnant is then subjected to a stellar en-
counter using Eq. (2).
Figure 1 illustrates a stellar encounter with an NFW
microhalo simulated in this way. 96% of the initial mass
of the microhalo is freed by the encounter, but a highly
dense remnant remains. While the final system is signif-
icantly nonspherical, the dense remnant itself is highly
spherical, and Fig. 2 shows the evolution of the micro-
halo’s spherically averaged density profile. The central
profile stabilizes over the course of a single dynamical
time interval tdyn, and the stable region grows over time.
The final density profile is well-fit by
ρ = ρs
rs
r
exp
[
− 1
α
(
r
rs
)α]
(5)
with different scale parameters rs and ρs and an addi-
tional parameter α = 0.78. For this profile, ρs and rs
3star
t = 0 t = tdyn/10
t = tdyn t = 10tdyn
FIG. 1. The projected density field of a microhalo subjected
to a stellar encounter. Each panel has width 50rs, where
rs is the microhalo scale radius. The density is computed
using a k-nearest-neighbor density estimate with k = 50 and
is plotted with a logarithmic color scale (lighter is denser).
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FIG. 2. The density profile of the microhalo depicted in
Fig. 1. Each curve indicates the passage of a single dynamical
time tdyn given by Eq. (4). This profile, initially an NFW
profile with parameters ρNFWs and r
NFW
s , stabilizes into the
form given by Eq. (5) with fitting parameters shown.
are defined analogously to the parameters of the NFW
profile: rs is the radius at which d ln ρ/d ln r = −2, and
at small radii, the profile asymptotes to ρ(r) = ρsrs/r.
We simulated a variety of stellar encounter scenarios,
including up to five successive encounters with a single
microhalo. In each case, we simulated the microhalo for
the same duration of 10tNFWdyn , where t
NFW
dyn is the dy-
namical time scale of the initial NFW halo.1 We find
that the density profile of a microhalo subjected to any
number of stellar encounters almost universally follows
Eq. (5) with the same α = 0.78. In subsequent sections,
we will demonstrate the near-universality of this profile
and discuss when it fails to apply.
III. PARAMETRIZATION OF ENCOUNTERS
Our goal is to understand the impact of a stellar en-
counter with mass M∗, relative velocity V , and impact
parameter b on a microhalo with scale density ρs and
scale radius rs. The stellar encounter is characterized
by these five parameters, but they exhibit substantial
degeneracy. Equation (2) implies that for a halo of char-
acteristic size rs, velocity injections are proportional to
a characteristic velocity injection
∆v ≡ GM∗
V b2
rsf
(rs
b
)
, (6)
where f(x) = 1 + O(x) is a nonlinear function. Mean-
while, particle velocities within a halo of characteristic
scale rs and density ρs are proportional to a characteris-
tic velocity v ≡ rs
√
Gρs, so
∆v
v
=
√
G
ρs
M∗
V b2
f
(rs
b
)
(7)
is the characteristic relative velocity injection. The dy-
namical impact of a stellar encounter is thus a function
of just two parameters:
√
G/ρsM∗/(V b2) and rs/b.
We are free to choose a parametrization that is any set
of independent functions of these two parameters, and we
do so in the following way. In the b  rs limit, Eq. (2)
implies that the energy (1/2)|∆v|2 (per mass) injected
into a particle at cylindrical radius rs (in the y-z plane)
is
∆E =
2G2M2∗ r
2
s
V 2b4
. (8)
The b−4 divergence at small b owes to the choice of ref-
erence frame: Eq. (2) specifies the velocity change rel-
ative to that of the initial halo’s center. However, to
understand the dynamics of the halo remnant, the more
relevant energy injection is that relative to the halo rem-
nant’s center of mass, whose trajectory may differ from
that of the halo’s center if b <∼ rs. Reference [101] found
that the energy injected by an impulsive encounter is
1 Stellar encounters raise the characteristic density of the subhalo
remnant by stripping its less-dense outskirts, thereby reducing its
dynamical time scale. Hence, our simulations always last at least
10 times the dynamical time scale of the initial microhalo, even
when the initial microhalo has already experienced an encounter.
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FIG. 3. The distribution of our 96 stellar encounter simu-
lations. For first encounters, the initial halo has an NFW
profile. Higher-order encounters begin with the remnant
of a previous encounter. The dashed curve corresponds to
(1 + q−1)1/2p = 1; as we discuss in Sec. V, this outlines the
region wherein nonlinearities in the impulsive velocity injec-
tions become dominant, typically resulting in disruption of
the halo’s central cusp. For first encounters, q and p are
defined using the results of Sec. IV B.
well-fit by a form proportional to 1/[1 + (b/rs)
4]. With
this scaling, Eq. (8) becomes
∆E =
2G2M2∗ r
2
s
V 2 (b4 + r4s)
. (9)
While Ref. [101] studied star clusters with King density
profiles [102] instead of dark matter halos, we will see
later that this scaling works well for our simulated dark
matter halos.
The characteristic binding energy (per mass) of a par-
ticle within a microhalo with scale radius rs and scale
density ρs is
Eb = −4piGρsr2s . (10)
We define one parameter as the encounter’s relative en-
ergy injection q ≡ ∆E/|Eb|, which implies that
q =
G
2pi
M2∗
ρsV 2 (b4 + r4s)
. (11)
We define our second parameter as the relative distance
of the encounter,
p ≡ b/rs. (12)
To probe the impact of stellar encounters, we now ex-
plore the q-p parameter space. We carried out 96 simula-
tions using the procedure in Sec. II, and the distribution
of these simulations is depicted in Fig. 3. The choices of
encounters will be motivated in subsequent sections.
IV. IMPACT OF DISTANT ENCOUNTERS
We begin by studying distant encounters with b rs,
and we employ the 36 simulations depicted in Fig. 3 for
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FIG. 4. A demonstration of the universality of the density
profile given by Eq. (5) with α = 0.78. This figure shows the
density profiles (solid, dashed, and dot-dashed lines) resulting
from 13 of our 36 simulations with b rs; this sample spans
5 × 10−3 < q < 2. The dotted lines indicate the fits to each
profile using Eq. (5) with α = 0.78 enforced. Density and
radius are expressed in units of the parameters of the original
NFW microhalo.
which p = b/rs > 8. In this regime, the nonlinearities
(with respect to spatial coordinates) in the velocity in-
jections given by Eq. (2) are negligible, and the encounter
is solely described by the parameter q = ∆E/|Eb| given
by Eq. (11). Additionally, the density profile that re-
sults from stellar encounters in this regime is universal.
Figure 4 demonstrates that Eq. (5) with α = 0.78 can
accurately fit the outcome of any succession of stellar en-
counters. Consequently, it is not necessary to track the
full succession of stellar encounters. Instead, we need
only to consider two cases:
(1) encounters with microhalos whose density profiles
are given by Eq. (5) with α = 0.78;
(2) encounters with NFW microhalos.
A. Successive encounters
We first study stellar encounters with microhalos that
already experienced an encounter; that is, microhalos
whose density profiles are given by Eq. (5) with α = 0.78.
This case is the simpler case because the microhalo’s den-
sity profile after an encounter is purely rescaled from its
profile beforehand. Let rs and ρs be the scale parameters
of the microhalo prior to the encounter and r′s and ρ
′
s be
its parameters afterward; the encounter parameter q is
defined by Eq. (11) using rs and ρs. Our objective is to
find r′s and ρ
′
s as functions of rs, ρs, and q.
We employ the 26 of our 36 b  rs simulations for
which the initial halo is a remnant from a previous en-
counter. We obtain the scale parameters of the initial
and final halo by fitting Eq. (5), with α = 0.78 enforced,
to the stabilized part of the density profile (see Fig. 2).
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FIG. 5. The change r′s/rs in a microhalo’s scale radius
in response to an encounter with parameter q. We plot our
simulations as circles, and the relationship between r′s/rs and
q is well-fit (solid line) by the equation shown.
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FIG. 6. The change ρ′s/ρs in a microhalo’s scale density
in response to an impulsive encounter, as a function of the
change r′s/rs in its radius. This relationship is evidently a
power law (solid line). Each circle represents a simulation.
In Fig. 5, we plot the radius change r′s/rs as a function
of the relative energy injection q. This relationship is
well-fit by the remarkably simple form
r′s
rs
=
[
1 +
(
q
q0
)ζ]−1/ζ
(13)
with just the two fitting parameters q0 = 0.35 and
ζ = 0.63. Meanwhile, Fig. 6 shows that the density
change ρ′s/ρs is a power law in r
′
s/rs:
ρ′s
ρs
=
(
r′s
rs
)−η
(14)
with η = 0.72.
There is a theoretical reason to expect the behavior
in Eq. (13) wherein r′s ∝ q−1 for q  1. In the q  1
regime, all material above the halo’s scale radius rs is
fully stripped, and only the halo’s inner ρ ∝ r−1 density
profile is relevant to dynamics. For this density profile
circular velocities scale as r1/2, so the characteristic en-
ergies of particles at radius r scale as E ∝ r. Meanwhile,
the energy injection ∆E on a particle at radius r is pro-
portional to qr2. If the radius r′s of the halo remnant
is proportional to the radius r at which ∆E = E, then
r′s ∝ q−1.
At q  1, Eq. (13) has another useful interpretation.
In this regime,
r′s
rs
= exp
[
−1
ζ
(
q
q0
)ζ]
, if q  1. (15)
Consider two successive encounters with the same q, each
producing a change r′s/rs in the target halo’s scale radius.
Since the density profile does not change significantly
with each encounter, the net change in rs is (r
′
s/rs)
2.
Now suppose instead that the two encounters happen si-
multaneously. While the geometry of the two encounters
sets precisely how their velocity injections add together,
on average, we expect the energy injection ∆E to dou-
ble relative to a single encounter.2 But q ∝ ∆E, so
Eq. (15) implies that the net change in rs is (r
′
s/rs)
2ζ in
this scenario. Since 2ζ ' 1.55 < 2, this calculation tells
us precisely how much less efficiently a halo is altered by
simultaneous stellar encounters than by successive ones.
A halo’s post-encounter relaxation makes it more suscep-
tible to subsequent encounters. In Appendix B we show
that two encounters can be treated as simultaneous if
they occur within a few dynamical time intervals defined
by Eq. (4). Section VI will explore how to quantify this
behavior more precisely.
B. First encounter
Next, we explore how an NFW microhalo with param-
eters ρNFWs and r
NFW
s evolves through a stellar encounter
into a microhalo whose profile is given by Eq. (5) with
α = 0.78 and scale parameters ρ′s and r
′
s. We define the
encounter parameter qNFW as the parameter obtained
through Eq. (11) using ρNFWs and r
NFW
s . From the re-
sults of the previous section, we anticipate that r′s/r
NFW
s
and ρ′s/ρ
NFW
s should follow similar functional forms to
Eqs. (13) and (14). To make the connection explicit, we
make the ansatz that the following two scenarios yield
a microhalo with exactly the same profile parameters ρ′s
and r′s:
(1) an NFW microhalo with parameters rNFWs and
ρNFWs experiencing an encounter with mass M∗, ve-
locity V , and impact parameter b;
2 Additivity of energy injections follows from the theory of random
walks. If velocity injections are in random directions, then their
squared magnitudes are additive, on average.
6(2) a microhalo whose density profile is given by Eq. (5)
with α = 0.78 and scale parameters rs = Ar
NFW
s
and ρs = Bρ
NFW
s experiencing the same encounter,
where A and B are universal.
This ansatz implies q = B−1qNFW in the b rs regime.
We additionally assume that the two halos have the same
asymptote, ρNFWs r
NFW
s = ρsrs, which implies B = A
−1.
Using this ansatz, Eqs. (13) and (14) imply that
r′s
rNFWs
= A
[
1 +
(
qNFW
Bq0
)ζ]−1/ζ
(16)
and
ρ′s
ρNFWs
= BAη
(
r′s
rNFWs
)−η
(17)
with B = A−1 and the same q0 = 0.35, ζ = 0.63, and
η = 0.72. We now use our 10 simulations of stellar en-
counters with NFW microhalos to test these relation-
ships. Figure 7 shows how the final density profile de-
pends on rNFWs , ρ
NFW
s , and q
NFW. We find that as long
as qNFW >∼ 10−2 the anticipated relationship is borne
out, and by fitting Eqs. (16) and (17) to this regime, we
obtain A = 0.86 and B = A−1 = 1.17. For qNFW <∼ 10−2,
on the other hand, the final density profiles deviate from
these relationships. An interpretation of this outcome is
that too little energy is injected to fully convert the halo
from the NFW profile to the form given by Eq. (5).
In conclusion, as long as a microhalo’s particles ex-
perience minimal energy injections of order 1/100 their
binding energy, an NFW microhalo with scale parame-
ters rNFWs and ρ
NFW
s can be treated as having the density
profile given by Eq. (5) with α = 0.78 and scale parame-
ters
rs = 0.86r
NFW
s and ρs = 1.17ρ
NFW
s . (18)
In a realistic scenario in which a microhalo experiences
tidal forces not only from stars but also from other sub-
structure and the galactic host, we expect that this con-
dition will usually be satisfied. Figure 8 shows a compar-
ison between these two density profiles. The equivalent
Eq. (5) density profile drops off more quickly than the
NFW profile at large radii, but the two profiles are oth-
erwise nearly identical.
V. PENETRATIVE ENCOUNTERS
We now turn to penetrative encounters with b <∼ rs.
In this regime, two new effects become important.
1. Nonlinear terms in the velocity injections given by
Eq. (2) become significant.
2. Equation (2) no longer accurately describes the ve-
locity injection relative to the halo remnant’s center
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FIG. 7. Evolution of NFW microhalos through stellar en-
counters. Top: The sensitivity of the scale radius r′s of the
final halo to properties of the initial halo and the encounter.
Bottom: The dependence of the change in scale density on
the change in scale radius. For encounters with qNFW >∼ 10−2
(circles), we fit Eqs. (16) and (17) with only one free param-
eter, as discussed in the text; the fits are shown as solid lines.
Encounters with qNFW <∼ 10−2 (crosses) do not obey the same
relationships, an outcome we attribute to the density profile
not fully evolving from NFW to the form given by Eq. (5).
of mass because it describes the velocity injection
relative to that on the halo’s initial center, whose
motion may differ.3
We anticipate that our definition of the parameter q in
Sec. III will account for the second effect. However, it is
not clear how to account for the first.
We simulated 60 encounters with p = b/rs < 8, as
shown in Fig. 3. After each encounter, we fit Eq. (5)
to the microhalo’s density profile to obtain its scale pa-
rameters rs and ρs. Additionally, we find that it is now
necessary to allow the parameter α to vary. Figure 9 com-
pares the scale parameters obtained in these simulations
to those predicted from Eqs. (13) and (14). Evidently,
the model developed for the b  rs regime accurately
describes evolution by stellar encounters for a large por-
tion of the b <∼ rs regime, including cases where b  rs.
3 Equation (2) is still suitable for initializing simulations, with the
caveat that it can induce a bulk velocity on the halo remnant.
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FIG. 8. A comparison between an NFW profile and the
“equivalent” profile (see the text) given by Eq. (5) with α =
0.78 using the relations in Eq. (18). The two profiles are
nearly identical except at large radii.
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FIG. 9. A test of the predictions from Eqs. (13) and (14)
for encounters with b <∼ rs. These predictions work well for a
broad range of parameters, but they fail when ν = p−1(1 +
q−1)−1/2 >∼ 0.1 (color scale). The relative contributions of
nonlinear terms in the velocity injections are of order ν, so
we find that our predictions are accurate as long as these
nonlinear terms can be neglected.
However, there are some encounters for which it predicts
wildly inaccurate results.
To understand where our predictions fail, we investi-
gate when nonlinear terms in the velocity injections be-
come important. For a halo with characteristic internal
velocities v, Eq. (7) implies that the characteristic ve-
locity injection is ∆v ∝ q1/2[1 + O(p−1)]v, which we
can separate into linear part ∆vlin ∝ q1/2v and non-
linear part ∆vnl ∝ q1/2p−1v. If the nonlinear terms
can be neglected, then the characteristic final velocity
is v′lin =
√
v2 + ∆v2lin (where we assume the direction of
the particle’s velocity injection is random relative to its
velocity). Hence, the relative contribution of nonlinear
0.5
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α
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FIG. 10. The impact of nonlinear terms in the velocity
injections, which have relative magnitude of order ν. Top:
The parameter α of the best-fitting density profile given by
Eq. (5). Middle and bottom: Deviations from the predicted
values of rs and ρs using Eqs. (13) and (14). When ν >∼ 0.1,
deviations start to appear in all three parameters. Addition-
ally, when ν >∼ 1, the central ρ ∝ r−1 cusp can be disrupted
(red lines; see Fig. 11). There is no fit for these cases.
terms is of order
∆vnl/v
′
lin ∼ ν ≡ p−1(1 + q−1)−1/2. (19)
We indicate the value of ν in Fig. 9 with a color scale,
and Fig. 10 shows the impacts of the relative nonlinear-
ity ν more directly. If ν  1 then nonlinear effects are
unimportant, and surely enough, we find that deviations
from the predictions of Eqs. (13) and (14) are minimal
when ν <∼ 0.1. On the other hand, when ν >∼ 0.1, these
deviations can become large. Additionally, the density
profile is no longer universal when ν <∼ 0.1; the best-
fitting value of α can deviate significantly from α = 0.78.
When ν >∼ 1, the halo’s central ρ ∝ r−1 density cusp
can even be disrupted so that the logarithmic slope γ
of its ρ ∝ r−γ inner profile becomes smaller than 1. In
some cases, a uniform-density core (γ = 0) results. These
disruption scenarios are indicated in Fig. 10 in red, and
Fig. 11 shows the resulting density profiles.
The precise sensitivity of the density profile to q and p
after an encounter with ν >∼ 0.1 is complicated. However,
as an approximate treatment, the predictions of Eqs. (13)
and (14) are reasonably accurate for ν <∼ 1/3, and when
ν >∼ 1/3, the resulting halo is close to disruption. We
will see in the next section that the ν >∼ 0.1 regime is
relatively unimportant to typical microhalo scenarios.
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FIG. 11. The density profiles of microhalos whose central
cusps are disrupted by stellar encounters with ν = p−1(1 +
q−1)−1/2 ∼ 1. The logarithmic slopes γ of their ρ ∝ r−γ inner
profiles become smaller than 1, and in some cases, a uniform-
density core develops (γ = 0). One disruption scenario, with
ν = 1, is excluded from the plot because the resulting core
density is too small. The axes units are the scale density and
radius of the halo prior to the encounter.
VI. STELLAR FIELDS
We now explore the implications of the model given
by Eqs. (13) and (14) for microhalos passing through
fields of stars. As a representative example, we study
microhalos traversing the solar neighborhood. We take
the microhalos to have NFW scale parameters ρNFWs =
1.7×109 M/kpc3 and rNFWs = 5×10−6 kpc. These pa-
rameters correspond to halos with mass mvir = 10
−6 M
and concentration rvir/rs = 2 at redshift z = 32, which
are typical parameters for the smallest halos in a CDM
scenario (e.g., Ref. [15]). Meanwhile, the stellar mass
density of the Galactic disk at the sun’s altitude is
roughly ρ∗ = 4 × 107 M/kpc3 [100]. We assume the
microhalos have velocity Vhalo = 200 km/s relative to
the disk while the stars have mass M∗ = 0.5M and
velocity dispersion σ∗ = 50 km/s within the disk. We
consider a total duration of t = 160 Myr, which is roughly
the amount of time microhalos not in the disk plane are
expected to spend inside the disk over the Galactic age
[11].
We sample stellar encounter positions uniformly within
the cylinder of radius bmax = 80rs and length Vhalot. For
our scenario this choice of bmax implies that only encoun-
ters with relative energy injection q <∼ 10−7 are excluded.
A total of 1305 encounters are expected within this vol-
ume, and we sample the encounter count from the corre-
sponding Poisson distribution. Each encounter velocity
V is the vector sum of Vhalo and a stellar velocity V∗
randomly sampled using the stellar velocity dispersion.
The model developed in the previous sections may now
be applied to this scenario, but there is a complication.
The dynamical time scale of the initial halo is about 8
Myr, so a large number of stellar encounters are expected
to occur within each dynamical time interval. Mean-
while, as we found in Appendix B, encounters should be
treated as simultaneous if they occur within a few dynam-
ical time intervals tdyn defined by Eq. (4). To accommo-
date this requirement we adopt the following procedure.
For an encounter i occurring at time ti, we consider all
n encounters (including the encounter i) within the pre-
vious time interval ti −∆t < t < ti, where
∆t = λtdyn (20)
for some number λ. Using these n encounters we compute
two effective encounter parameters:
q+eff =
i∑
j=i−n+1
qj and q
−
eff = q
+
eff − qi. (21)
q+eff is the combined relative energy injection from all en-
counters within the last time interval ∆t including the
i-th encounter, while q−eff excludes the i-th encounter.
Rather than apply the scaling prescribed by Eq. (13)
using the i-th encounter’s parameter qi, we apply this
scaling using q+eff and the reciprocal scaling using q
−
eff . In
other words, we take the i-th encounter to change the
microhalo’s scale radius rs by the factor
r′s
rs
=
[
1 + (q+eff/q0)
ζ
1 + (q−eff/q0)ζ
]−1/ζ
. (22)
This procedure treats encounters occurring within the
time interval λtdyn as simultaneous in a self-consistent
way.4 We use Eq. (18) to initially rescale the microhalo
parameters, and for two random stellar encounter distri-
butions, Fig. 12 shows the predicted microhalo evolution
using this procedure for several values of λ.
To test this procedure and tune the parameter λ, we
instructed the Gadget-2 simulation code to apply ve-
locity injections given by Eq. (2) according to a preset
list of stellar encounters. These velocity injections are
computed taking the point of least potential as the ori-
gin, and each encounter’s spatial orientation is random-
ized. With this arrangement, we carried out numerical
simulations of the two stellar field scenarios depicted in
Fig. 12. In order to facilitate direct comparison, we be-
gan the simulations with a microhalo that was a rem-
nant from a previous stellar encounter; this remnant was
rescaled to have the correct scale parameters predicted
by Eq. (18). We simulated 10 instances of each scenario
with different encounter orientations, and Fig. 12 shows
4 It is easy to see that this procedure yields the desired results in
two limiting cases. If a cluster of encounters occurs within λtdyn,
then each encounter cancels the effect of the previous one, and
the final encounter applies the scaling given by Eq. (13) using
the summed energy injection. If an encounter is separated from
all others by intervals longer than λtdyn, then q
−
eff = 0, and the
scaling given by Eq. (13) is applied using that encounter’s energy
injection alone.
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FIG. 12. Comparing model predictions to simulations for a
microhalo traversing a field of stars. We plot the evolution
of the density profile asymptote ρsrs for a microhalo cross-
ing two random stellar distributions (upper and lower panels)
representative of the solar neighborhood. Predictions using
Eqs. (22) and (14) are shown as solid, dashed, dot-dashed,
and dotted lines for various values of the parameter λ (see the
text). For comparison, the black circles represent simulation
results, where the asymptote is determined by fitting Eq. (5)
with α = 0.78. These points are averaged over 10 simulations,
each with different randomized encounter orientations, and
the simulations continue after the last encounters (hatched
region) to allow the halo to relax. The predictions for λ = 2
match the simulations reasonably well outside of relaxation
periods occurring after major encounters. We express the
asymptote in units of the initial asymptote (ρsrs)init.
the orientation-averaged evolution of the microhalo’s in-
ner density asymptote ρsrs in these simulations as com-
puted by fitting Eq. (5) with α = 0.78 to the density
profile.5 Outside of relaxation periods after major en-
counters, Fig. 12 shows that our predictions with λ = 2
match the simulation results well.
We also subjected a microhalo with an NFW profile to
one of the same series of stellar encounters, and we com-
pare this halo’s evolution to that of the stellar encounter
remnant with profile given by Eq. (5) with α = 0.78.
Figure 13 shows the evolution of the two density profiles.
Except at large radii, the resulting halos develop identical
density profiles, which further confirms the accuracy of
the scaling given by Eq. (18).
5 Specifically, we use the density profile of the instantaneous bound
remnant computed using the procedure in Sec. II, and we only fit
out to the radius at which ρr = ρsrs/3. We picked the asymptote
ρsrs because it is the quantity least sensitive to details of the fit.
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FIG. 13. Equivalence of the density profile given by Eq. (5)
with α = 0.78 to the the NFW density profile, for the purpose
of stellar encounters, if the two profiles are related by Eq. (18).
We subjected microhalos with these two density profiles to the
same stellar field scenario (corresponding to the upper panel
of Fig. 12), and the density profiles that result are identical
except at large radii.
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FIG. 14. Mass evolution for microhalos crossing the solar
neighborhood as predicted using Eqs. (22) and (14). The
random distribution of stars induces variance in the mass evo-
lution; we plot eight example mass trajectories along with
the mean and median of 10,000 trajectories (black). The
cyan curves represent the trajectories if the halo is allowed
to fully relax every 2 Myr, which corresponds to a typical
disk-crossing time interval. We express the mass in units of
minit, which we take to be the mass of the halo after the initial
rescaling given by Eq. (18).
Finally, to illustrate the power of our predictive frame-
work, we sample 10,000 random sequences of stellar en-
counters for microhalos traversing the solar neighbor-
hood. Figure 14 shows the predicted trajectory of the
mass
m = 4piα2/α−1Γ(2/α)ρsr3s ' 11.9ρsr3s (23)
(for α = 0.78; Γ is the gamma function) of microha-
los subjected to different sequences. We plot the me-
dian and mean mass trajectories along with 8 examples.
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There is substantial variation between halos, but in gen-
eral, the microhalos lose almost all of their original mass
by t = 160 Myr. These results are similar to those of
Ref. [11], which simulated a similar scenario. We note,
however, that in the true solar-neighborhood scenario ha-
los should be allowed to fully relax between disk cross-
ings. In Fig. 14, we also plot the mean and median mass
trajectories if the halo is allowed to fully relax every 2
Myr; that is, the summation in Eq. (22) is made to ex-
clude any encounters prior to the 2-Myr interval. The
trajectories change significantly in this scenario, implying
it is important to properly account for the halo’s relax-
ation.
Our predictions assume that encounters are
(1) in the impulsive regime with tdyn >∼ 5b/V ; and
(2) in the linear regime with ν = p−1(1 + q−1)−1/2 <∼
0.1.
In the solar neighborhood scenario, all encounters are
impulsive with tdyn ∼ 103b/V . Roughly half of the mi-
crohalo instances experience encounters with ν > 0.1, but
their impact turns out to be minimal. We tested an alter-
native procedure where any encounter with ν > 0.1 was
assumed to destroy the halo, and the mean and median
trajectories in Fig. 14 did not move appreciably. Evi-
dently, the halos that underwent these encounters were
already effectively destroyed by them. Thus, neither re-
quirement significantly hinders the model’s applicability
to this scenario.
VII. CONCLUSION
In this work, we developed a framework that can pre-
dict the evolution of microhalo density profiles as a result
of successive stellar encounters. We found that the den-
sity profiles of microhalos subjected to stellar encounters
follow an almost universal form given by
ρ = ρs
rs
r
exp
[
− 1
α
(
r
rs
)α]
(5)
with α = 0.78, and Eq. (18) describes how this form is re-
lated to the initial NFW profile. If each stellar encounter
is parametrized by the energy it injects using Eq. (11),
then Eqs. (13) and (14) describe the microhalo’s re-
sponse to that energy injection. Successive encounters
occurring within roughly λ = 2 dynamical time intervals
should be treated as simultaneous and their energy in-
jections added; Sec. VI discusses how to implement this
effect. This framework is accurate assuming that encoun-
ters are impulsive [see Eq. (3)] and the resulting velocity
injections are in the linear regime defined by Eq. (19).
However, these conditions do not significantly hinder its
applicability, as we discuss in Sec. VI.
Through Monte Carlo methods, this model can rapidly
characterize the impact of stellar encounters on whole
ensembles of microhalos. For instance, we were able to
generate in minutes 10,000 randomized realizations of a
stellar field scenario similar to the single realization sim-
ulated in Ref. [11]. In forthcoming work [103], we will
use this model to aid in characterizing the microhalo-
dominated dark matter annihilation signals that are ex-
pected to arise from certain early-Universe scenarios.
This framework is limited to microhalos initially pos-
sessing NFW density profiles. While merger events drive
halos’ inner density profiles toward the ρ ∝ r−1 of the
NFW profile [40, 95, 96], it is possible that the smallest
halos might retain steeper density cusps today. An explo-
ration of different density profiles is beyond this work’s
scope, but we anticipate that because of its simplicity, our
model will extend readily, albeit with a possibly different
universal density profile. Additionally, this model de-
scribes microhalos subjected to stellar encounters alone.
Further work is needed to precisely understand the com-
bined impact of stellar encounters, galactic tides, and
other disruptive processes. Nevertheless, the model pre-
sented here will enable more accurate characterizations
of the microhalo population within galactic halos.
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Appendix A: Accuracy of the impulse approximation
In this appendix, we explicitly simulate microhalo-
stellar encounters in order to test the validity of the im-
pulse approximation employed in Sec. II. Reference [90]
used such simulations to demonstrate that the impulse
approximation is accurate in the case where the stellar
encounter time scale is of order 10−3 the microhalo dy-
namical time scale. However, we aim to explore how far
the impulse approximation can be taken.
For these simulations, we set the encounter parameters
b = 16rs and M∗/(V b2) = 0.76
√
ρs/G. As discussed in
Sec. III, these parameters suffice to fully describe the en-
counter, at least in the impulsive regime, and they corre-
spond to the parameters q = 0.093 and p = 16 as defined
in that section. With these parameters, we prepare an
N -body microhalo as in Sec. II, but instead of perturb-
ing the particle velocities using the impulse approxima-
tion, we insert the star as a point mass in the simulation.
The star is placed at position (800rs, b, 0) with velocity
(−V, 0, 0), and the simulation is carried out for a duration
of 1600rs/V , so that since its trajectory is essentially un-
perturbed, the star’s final position is (−800rs, b, 0). The
11
10−8 10−7 10−6
r (kpc)
103
104
ρ
r
(M

kp
c−
2
)
initial profile
impulse
tdyn = 9.1 b/V
tdyn = 4.5 b/V
tdyn = 2.3 b/V
FIG. 15. A test of the impulse approximation. This fig-
ure shows the microhalo density profile resulting from several
different stellar encounters; b and M∗/V are held fixed, but
we vary the velocity V . The impulse approximation (solid
line) corresponds to V → ∞, and we find that as long as
the microhalo’s internal dynamical time scale tdyn >∼ 5b/V ,
the final density profile is identical to that resulting from the
impulse approximation.
maximum time step of simulation particles is enforced
to be 0.2b/V so that there are at least 500 time steps,
and we verified that a naive numerical integral with this
time stepping scheme accurately reproduces the analytic
impulse approximation.
At the end of this simulation, we remove the star
and subsequently continue the simulation for the dura-
tion 10tdyn with the same parameters as in Sec. II. The
time step is no longer artificially small. We executed
this procedure for several different encounter velocities
V , and the resulting microhalo density profiles are shown
in Fig. 15. The validity of the impulse approximation can
be conditioned on the comparison between the encounter
time scale b/V and the microhalo’s internal dynamical
time scale tdyn given by Eq. (4), and we find that devia-
tions from the impulse approximation only become signif-
icant when tdyn <∼ 5b/V . The heightened efficacy of slow
encounters at altering a microhalo’s structure, apparent
in Fig. 15, can be understood in light of the tendency for
post-encounter relaxation to make a halo more suscepti-
ble to future encounters (see Sec. IV A). If tdyn <∼ b/V ,
the halo begins to relax even as the encounter progresses,
increasing its susceptibility to that same encounter.
Appendix B: Encounters in close succession
In this appendix, we test a microhalo’s response to
multiple encounters occurring within its dynamical time
scale. Recall that on average, encounters separated by a
time interval t tdyn are more efficient than simultane-
ous encounters at altering the microhalo’s structure. To
test the intermediate t <∼ tdyn regime, we carry out a se-
ries of simulations of two identical encounters separated
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FIG. 16. The impact of two encounters separated by a short
time t. We plot the change in rs for two encounter geometries,
one in which the velocity injections add constructively and one
in which they add destructively. The solid line indicates the
average between the two cases, computed as described in the
text. The dashed line marks the change in rs in the t tdyn
scenario while the dotted line represents the expected impact
of simultaneous encounters. Evidently, encounters should be
treated as simultaneous if they are separated by less than a
few dynamical time intervals.
by varying time t. The impact of two closely spaced
encounters is highly sensitive to the geometry between
them, so we consider two extreme cases. In the first
case, the encounters are collinear, so their velocity injec-
tions add constructively. In the second case, the velocity
injections add destructively; this is attained by making
them parallel but in perpendicular directions from the
halo [e.g., swapping the y- and z-coordinates in the sce-
nario of Eq. (2)].
The encounters we study here have relative energy in-
jection parameter q = 1/120, and we plot in Fig. 16 the
changes in the microhalo’s scale radius rs that result from
these scenarios. At each time separation t, we also com-
pute the average between the constructive and destruc-
tive scenarios in the following way. We compute an effec-
tive parameter qeff for each double-encounter scenario by
inverting Eq. (13). Next, we average the effective energy
injections qeff for the constructive and destructive scenar-
ios, and we use Eq. (13) to convert the resulting average
qeff into a change in rs. This procedure automatically
yields the correct expected impact of two encounters of
arbitrary geometry in the t = 0 case, but for t > 0 it can
be considered only a guide. The result is also plotted in
Fig. 16, and we find that, roughly speaking, two encoun-
ters can be treated as simultaneous if they are separated
by less than a few dynamical time intervals.
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